SomeMath Toolsfor SignalsandSystems
Dan Sebald9/4/02

The following mathematicakonceptsare importantto a courseon signalsand systemsas well as engineeringn
general.The studentshouldknow theseconceptsvell. For rigorousmathematicaproofs,which areomittedandnot
essentiafor arudimentaryintroductorycourseon signalsandsystemsseeary of severalgoodtexts on mathematical
analysissuchasRudin[1].

1 Variable notation

It is good practiceto choosenotationfor variablesthatis consistentwith the pseudo-standarthat hasdevelopedin
mathematicsTablel givescorventionsthataregenerallytrue. However, oneshouldalwaysmale clearwhattype of
numbersfunctionsor otherentitiesthe variableschoserrepresent.

2 Completing the square

Completing the square is an algebraictechniquefor writing a secondorder polynomial variableor expressionas
a squarederm minusthe quantity necessaryo completethe squae. Deriving the quadraticformulais an excellent
exampleof completingthe square A quadraticequationis onewhich canbeputin theform

au’® + bu+c =0, 1)

wherea, b andc arereal constantanda # 0. ThesymbolIR will be usedto representhe setof realnumbers.Here
u neednot be a variable,but could be a mathematicaéxpression.Although not necessarydividing (1) by a makes

visualizingthe procedurea bit easier
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Giventhata is arealnumber the absolutevalueof (2) is extraneoussincethereis a + beforetheradical. Hence the
guadratidormulabecomes
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| Variable | Typical symbols | Typeseformat | Chalkboardormat

Integer i,7, k.1, m,n sometime®, ¢ | Lowercase

Realorcomple | a, b, ¢,d, s, t, w, x,y Lowercase

Comple z Lower case

Function 9, hy F Lower case,
sometimesippercase

Summation S Uppercasenonbold

Vector uv,xy,... Boldface,lowercase, | Lowercaseunderbar
roman oroverbari.e.,x

Matrix A,B,C,D,X,Y,... Boldface,uppercase, | Uppercase
roman

Operatolimits | a, b, ¢, d Lower case

Parameters a, B, Lower caseGreek

Table1: Corventionsfor mathematicahotation. Thesearegeneralrulesthatare sometimes
bent.

3 Complexnumbers

Thederwvationof the completingthe squareexampledid not specifyu, althougha, b andc wheretakenasreal. If u is
consideredh variableit is worthwhile to considerthe propertiesof a solutionto the quadraticequation.The quadratic
formulaof (3) yields characteristicallyifferentsolutionsbaseduponthe magnitudeof b2 — 4ac insidetheradical. If
b2 — 4ac is positive thenthereexist two distinctrealrootsof the quadraticIf b2 — 4ac is zerothenthereis arepeated
realroot. Lastly, if b2 — 4ac is negative thereis no realnumbersolutionto the quadratic. The complex numberhas
beendevisedto provide a solutionin thelattercase.

A complexnumber is anorderedpair of realnumberswith additionandmultiplication definedas

A: (a,b)+ (¢,d) = (a+c,b+d) 4)
M: (a,b) - (¢,d) = (ac — bd, ad + bc). (5)

Here (a,b) and (¢, d) are orderedpairs. An ordered pair meansthat (a,b) # (b,a) in general. It is somevhat
cumbersomeo work with the notationof (4) and(5) soit is usuallythe conventionto make thefollowing definitions:

0=(0,0), (Additiveidentity)
= (1,0), (Multiplicativeidentity)
Jj= (07 ]-)a
andit thenfollowsthat j2 = —1 and(a, b) = a + jb. With this corventionwe have thefamiliar rules
Al (a+jb)+(c+jd)=(a+c)+jb+d)
M: (a+ jb)- (¢ + jd) = ac + jad + jbc + j*bd
= (ac — bd) + j(ad + bc).
The complex numbersarecompletein analgebraicsenseassummarizedy thefollowing theorem.

FUNDAMENTAL THEOREM OF ALGEBRA: Countingmultiple roots, every polynomial of degreen having complec
coeficientshasexactly n rootsin the setof complex numbers.

Hence,therootsof (1) alwaysexist in the setof complex numbers. Note that the quadraticformula asderived in
(3) usesreal coeficientsandone mustbe carefulnot to usethis formulato computerootsfor a complex coeficient
equation.

Therealandimaginarypartsof acomple« numberz = a + jb aredefinedasa andb, respectrely, anddenotedas

Re{z} =a, Im{z}=0.
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Figurel: The complex planeshawving therealandimaginarypartsof a comple< number
Thisis oftencalledthe z-plane.(a) Cartesiarform and(b) polarform representation.

Note that the imaginarypart of a complex numberis b alone,while the quantity jb is calledanimaginarynumber
Conceptualizinga complex planewheretherealandimaginarypartsplay therole of avectordimensionis beneficial.
Figurel(a)showsthis plane,alsocalledthe z-plane.The complex conjugateof acomplex numberz is definedas

zZ=Re{z} —jIm{z} = a — jb.

Onething thatis lost uponextendingthe real numbersto complex numbersis the orderedproperty Thatis, the
statements < y or z > y arenolongerproperwhenz andy arecomplex numbers Henceit is necessaryo impose
sometypeof orderontocomplex numbers Sincezz = a? + b is anonne@ative realnumber a valid definitionfor the
absolutevalueof acomple« numberwould be

2| = (22)7.

If z andy arecomple« numberghen

() z+zZ=2Re{z}, z-—2z=2jIm{z},
(d) zzisrealandnonnaative,
(e) |z| > 0 accepif z = 0then|0| =0,
®) [zl = lz],
@) |zy| = |zllyl,
(h) Re{z} < [z], [Im{z} <|z],
() |z +yl <[z] + [yl
Thelastpropertyis known asthetriangle inequality

Polar form: We will call z = a + jb the Cartesianform of acomple« number A complex numbercanalternatvely
be expressedasa vectorlengthwith an associate@ngle,asshovn in Fig. 1(b). This is calledthe polar form and
written as

z=r(cosf + jsinb) (6)
Thefollowing relationshipgollow from the definitions:

a=rcost and b=rsind,
and
r = |z| and 6 = arctan(b/a).

Recallthattan(d) = tan(8 + 27k) wherek is aninteger. Thusé is not uniquesincearctan(-) is multivalued The
usualcorventionis to restricttheangleas
—r<0<m,

whatis calledthe principal value
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4 Sequencesand series

In discrete-timesignal processingve make extensve useof sequenceandseries. A sequences a successiorf
mathematicaklementsusually real or complex numbers,indexed by a countablevariable,usually an integer. For
example,

sy 1,20, %1,T25---,Tpy---

is aninfinite sequencef realnumberdndexedby theintegerp, while

25y RBy -y Ry -e-y220
is afinite sequencef comple« numbersndexedby theintegern. Thetermsof a sequencenaybe summedogether
andX-notationis usedto representhis processas

b
D Tn =%+ Tat1 + -+ Do + T 7

n=a

wherea andb arethelimits of the summatiorandn is theindex. Notethatthe variablen, appearingn theleft hand
sideof (7) but notontheright, is justadummyvariableandcanbereplacedvith someothersymbolwithout affecting
the significanceof theright handsideof (7). The symbologyof (7) is calleda series

It is desirableto find closedform solutionsfor serieswhenever possible.A populartechniquefor doingthisis a
telescopingseries in which aseriess resohedinto successie termsor partsthatcancel. Themostcommonexample
of aserieshaving a closedform solutionis the geometricseriesdefinedas

b
S=Y a" (8)

Thetrick for creatingatelescopingerieds to recognizehatthenext termof theseriescanbecreatedhy amathemat-
ical operationon the presenterm. For examplein the caseof the geometricseriesthe (n + 1)th termis createdrom
thenth termby simply multiplying by z. Hence,

b

(1—$)S=(1—$)an

n=a

b
= Zx"(l — )

b
— Z " — JE"+1
= (z° - Z_a-{—l) + ($a+1 _ xa+2) bt (wb—l —.Z‘b) + (mb _ mb"'l)
= p® _ Z_a+1 4 $a+1 _ a:,a+2 S .,L_bfl _ .Z'b +.’Eb _ .’L'b+1 (9)
=g® — gttt (10)

Theterm‘telescoping’derivesfrom (9) wheresuccessie groupsof termscancelasif linkedlik e atelescopeDividing
the previousresultby (1 — z) resultsin thegeometricseriesformula

an _r-r (11)

providez # 0 andz # 1. Thetelescopingseriesconcepis notlimited to geometricseries.
Infinite seriesarea commonoccurrencen signalsandsystemsin this caseit is necessaryo considerthe corver-
genceof sucha series.For example theinfinite geometricserieswould take the form

an:l—m (12)

9/4/02 40f13



if the seriesconverges which is underconditionsof |z| < 1. Otherwisethe seriesdiverges To seethat(12) s true,
puta = 0 andnote

lim 2" =0
n—oo
|z|<1

in (11).

Practice: To getafeelfor seriesmanipulationconsidershaving that

Y e = 1$—x (13)

without usingatelescopingeriesor the generalizedjeometricseriesformula. Insteaduse(12).

Solution: Recallthatthe index of summationis a dummyvariableso thatit may be replacedwith m = n — a (or
n =m+ a) as

[e's) [e's)
San= > ame
n=a m=0
0
_ Z %™
m=0

5 Differentiation

Calculuscentersmainly on two conceptsdifferentiationandintegration,andthe relationshipbetweenthem. Several
goodbooks,suchasLarsonandHostetler[2] and Boyce andDiPrima|[3], cover theseconceptsandthe mechanics
of the operationdor awealthof mathematicafunctions. The coreideasare presentedhereto refreshthe memoryof
studentswvho have takena seriesof calculuscourses.

5.1 Thederivative

It is oftendesirableto considertherateof changeof afunctionor the slopeof a curve. Considerarealfunction f of a
realvariable(i.e., f : IR — IR) whichis definedon theinterval [a, b]. Thenfor ary realnumberse andt in theinterval
[a, b] wherex # ¢ thederivative of afunctionis definedasalimit ast tendsto « of thedifferencequotient i.e.,

t—z t—2x

(14)

providedthelimit exists. A limit procesds a rigorousconceptbeyondthe scopeof this document.However, in the
caseof therealline onecanthink of thelimit requiringthe functionto approachtthe samequantityfrom the positive
andnegative sidesof thepointz. If f andg arefunctionsdifferentiableatz then

@) (f +9)(z) = f'(z) + ¢'(z). (Additivity)
(b) (af)(z) = af'(z), «=constant (Homogeneity)
©) (f9)'(z) = f'(z)g(z) + f(z)g'(x). (Productrule)

1Y () = 900 @) ~ @)@
@ (§) o = 2R,

g(z) #0. (Quatientrule)
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Figure2: Two functionsthat are not differentiableat a. The function of (a) hasdifferent

slopeson eithersideof thea. Thefunctionof (b), althoughhaving the sameslopeon either
sideof a, is discontinuoust a, precludingit from beingdifferentiablethere.

Considersomeexamplesof functionsthatfail to be differentiableatz = z,. Let thefunction f; : IR — IR be

definedas
T, z < xg
= 15
@) {2.(1)‘0—.’E, T > Tg. (15)

The above form is called caserepresentatioffior the function. The left columnis the function’s value andthe right
columnis the region or interval over which this value holds true. It is good practiceto cover the whole domain
of the functionin the right columnwithout including points of the domainmorethanonce. In the abose example,
{z < zo}U{z > ¢} = IR andonly oneof the casesncludesthe point zy. Consisteng in theright columnis also
a goodidea. In the above examplez is alwayson the left of the inequality symbolfor readability In ary case the
function f1(z), shavn in Fig. 2(a), is not differentiableat 2o becausehe slopeof the functionis differenton either
sideof zg.
Now considetthefunction f; : IR — IR definedas

1, z<x

fz(SC) N {%; x > xg. (16)

Herethe slopeof f»(x), shovn in Fig. 2(b) is the sameon eithersideof xy but the discontinuityat zo precludeshe
functionfrom beingdifferentiablethere.Consider

t) — 1-1
' (20) 2 tim LW =F@0) e =0,
t—zo t—xo t—azo t — Xg
t<zo t<zo
- -1
£ (o) £ lim SO = f@o) _ o 01 (17)
t—xo t— Zo t—zo t — Zg
t>zo t>zo

Hence,no valid limit exists for the differencequotient. Oneshouldnot think of the symbol—oo in (17) asbeinga
number Insteacdhis simply representthe conceptof unboundedness thelimit process.

THEOREM: If f(z) is differentiableatz, then f(z) is continuousat zo.
Proof: We mustshow thatlim;_, ., f(t) = f(=zo):

lim f(t) = lim f(¢) - f(zo) + f(xo)

t—xg t—xg

= f(zo) + f'(20) - 0
= f(=o)- U

This theoremassertghat continuityof f at z is a necessaryonditionfor the existenceof the derivative. However,
continuityis nota suficientcondition.(SeeSectionl1onLogic.)

- (t = z0)
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Notation: Thereare three commoncornventionsfor writing the derivative of the functiony = f(z), Boyce and
DiPrima[3]:

Y, f'(z) (Primeor Lagrangenotation)

Dy, Df(x) (Operatomotation)

dy df . .

Iz’ d:c(x) (Leibniz notation) (18)

alongwith acombinedfourth notation

iy, a f(z) (Leibniz/operatonotation)
dx 7’ dx

It is extremelyimportantto realizethattheseall representhesamemathematicatlementthederivative of thefunction

f(@).

5.2 The differential

The Leibniz notationof (18) is the mostintuitive of the acceptedcornventionsbecausét appeargo bein the form of
aquotient,thusproviding a memoryaid for the differencequotientfor the formal definition of differentiation.Onthe
otherhand,this canalsoleadto confusionbecausely/dz is, in fact,notaratio atall. Studentoftencometo think of
thequantitiesdy anddz as‘infinitesimals’ whichvanishin suchaway thattheratio of thetwo becomeshederivative.
However, Courantand John[4] suggestedhatimaginingdy anddz to be ‘infinitesimally small’ is mathematically
meaninglesservingonly to obscureanotherwisemathematicallysounddefinition of differentiation.Nonethelesghe
notation

dy = f'(z)dz (19)
is usedfor corvenience (We cangetby withoutit.) Heredy is calleda differ ential. Theway to think of this notation
is to imagineat the point z a small incrementdz is madeandthe changein the function is linearly approximated

usingtheslope f'(x). Notethat(19) indicatesthatthe differentialis dependenbothon z (via f'(z)) anddz. If the
Lagrangenotationof (19)is replacedy the Leibniz notation,i.e.,

dy
dy=-—"d
4 dz v
it becomesvidentthatdy anddz standingaloneis notthe sameasthelettersin theratio dy/dz. Theleastconfusing
way to usedy aloneis justasit is definedin (19) andassignno othermeaningo it.

5.3 L’Hospital’ srule

Oftenthelimit of anexpressionconsistingof the ratio of two differentiablefunctionswhich is indeterminatecanbe
found usingL’Hospital’ srule. It is imperatve thatthe conditionsunderwhich L'Hospital’s rule canbe appliedbe
understoodo avoid the mistale of improperlyusingthis powerful concept.

L’Hospital’ s Rule: Given functions f and g differentiableon the opensegment(a, b) andg is never zeroin this
segment,if either

lim f(z)=0 and lim g(z) =0, (20)
z—at z—at
or
lim f(z) = o0 and lim g(z) = oo, (21)
z—at z—at

whereall combinationf plusandminusis allowedin (21), thenif

. fi=)
w1_1)r21+ g'(z) L
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exists, it follows that

im 1) _
z1—>a+ g(.Z') L.

Theformulaalsoholdsfor 2 approaching fromtheleft, i.e.,z — b~.

Example: Considertheindeterminatdimit
. sinzx
lim ,
z—0 I

andassignf(z) = sinz andg(z) = z. Then(20) holdsandby L'Hospital'srule

sinz . cosx
lim = lim
z—0 I z—0 1
-1 (22)

6 Integration

Therearea variety of waysto defineanintegral. However, the mostcommondefinitionusedin engineeringapplica-
tionsis the Riemannintegral. It is the moststraightforward of the integralsandcorrespondsvell to applicationssuch
ascalculatingareayolume torque stressandsoforth. Therearesomedravbacksto theRiemannintegral. (Themost
apparento uswill betheuseof anotsolegitimateimpulsefunctionto createa sifting property)

6.1 The Riemannintegral

Thenotionof integrationis oneusuallytaughtin relationto finding theareaundera curve by breakingup, or partition-
ing, theinterval of integrationinto smallerandsmallersubintenalsthattendtowardzero. More formally, a partition
of interval [a, b] is a finite setof pointsfor whicha = zq < 1 < --- < z, = b. Thelengthof eachsubinteral is
definedas

A.’Ei:{Ei—.’L',',l, i=1,2,...,n

This partitioningconcepts denoted
A= {.’E(),JL'l,' o 7$n7}

anddefinethenorm of the partitionas
[|Al| = max Agz;, i=12,...,n.
Letz; beanintermediatevaluein subinterals.

Definition: If fisaboundedunctionontheinterval [a,b]then

/ fe= fim S 1)Am, (23)

=1

providedthelimit existis the Reimannintegral of f froma to b.
Again, the properlimit mustexist, in which casef is calledintegrableon [a,b]. Otherwise,f is notintegrablethere.

6.2 Fundamentaltheorem of calculus

Although the definition of (23) canbe usedto find closedform solutionsto simpleintegral equationsgvaluationof
theintegralis generallydoneusinganantidervative. A function F'(z) is saidto be anantiderivative of thefunction
f(z) if F'(z) = f(x). Thefundamentatheoemof calculusrelatesintegrationanddifferentiation.

FUNDAMENTAL THEOREM OF CALCULUS: Giventhefunction f which is boundedon the closedinterval [a, b] and
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continuouson the openinterval (a, b), if F' is a continuousunctionon [a, b] suchthat F' is the antiderivative of f on
thesegment(a, b) then

b
/ f(z)dz = F(b) — F(a)

2 F).

This theorembecomeso naturalto the studenthatit is oftenoverlookedandthe resulttreatedasthoughit werethe
definitionfor anintegral, whichit is not. It is importantto remembethe necessaryypotheseso avoid applyingthe
theoremimproperly For example,considerthefollowing question.

Question: Are thefunctionsof Fig. 2 integrableon theinterval [a, b]?

Answer: Yes, they areintegrableon the interval [a,b] becausehe limit of (23) exists. However, the fundamental
theoremof calculusdoesnot applyin eithercase.Neitherof the functionsin Fig. 2 have an antidervative which is
continuousatzy. Furthermorethefunctionof Fig. 2(b)is discontinuoustzy which, again,precludesheapplication
of the fundamentatheoremof calculus. Hence,it is necessaryo apply the fundamentatheoremof calculusin a

piecavisefashionas
b o b
/ f(x)dw:/ f(w)d:v+/ (@) da

— f—|% + |
= F,. |, +F930:c0’

whereF, ande‘t) aretheappropriateantidervativeson the negative andpositive sideof zq, respectiely.

6.3 Integration by parts

Oneof the more powerful techniquedor evaluatingintegralsis by parts. This techniqueis basedsimply uponthe
productrule of differentiation.Recallthe productrule

(w)'(z) = u(x)v'(z) + v(z)v'(z),
or subtractingy(z)u’' (z) from bothsides

uw(z)v' (z) = (w)'(z) — v(z)u' ().

Now integrateto get

b b
/ w(z)' (z) de = (wo)(z)|” —/ v(z)u'(z) dz. (24)

If we make useof thedifferentialnotationof (19),it is easyto remembeintegrationby partsfor theindefiniteintegral.

Equation(24) becomes
/udvzuv—/vdu.

Remembethe productrule differentialform, d(uv) = u dv + v du, andthe formulashouldeasilycometo mind.

b
/ ze® dzx.
a

Sinced(e”)/dx = € it is wiseto chosee” asthedifferentialportionof the partsformula. Thatis

Example: Considerevaluating

b

b b
r e’dr = ze®| — e’ dx
o S~ ~—~ 0 S~~~

u dv uv |, v du

b
= (ze® —¢€%), .

9/4/02 90f13



Unit circle - e
>~ “sine f

-1 cose | 1

Figure3: The unit complex exponentiale?? in the z-plane. It canbe thoughtof asa unit
vectorata Cartesiarangled, lying onwhatis termedthe unit circle.

7 Complexexponential

In the integrationby partsexamplewe madeuseof the propertyof the real exponentialthatd(e®)/dz = e where
x is arealnumber It is naturalto extendthis sameideasuchthatd(e®)/dz = e* is true,wherez is now a comple
number If z = a + jb, thensimilarto therealexponentialwe would like

eF = ea+]b

= e“ejb,
wheree? is the corventionalreal exponential. Differentiatingthe above expressiorwith respecto z is beyond the
scopeof this paper Sufficeit to say whatis neededo completethe definitionof thecomplex exponentialis afunction
for which _
d(e??)
db
The equationwhich doesthis is the powerful Euler’ s formula

=jelb. (25)

‘ e’ = cosf + jsiné. (26)

The readershouldverify thatthis, in fact, doessatisfy (25). Figure 3 shaws the relationshipof Euler’s formulaasa
vectorin thecomplec plane.Notethatthevectoris of unit length.
With theaid of Euler'sformulaappliedto (6), athird possiblerepresentatiofor acomple« numberis

z=reé’,

wherer andd aredefinedasfor the polarrepresentatiorNotethatz = r e=77.

8 Taylor stheoremand series

Many nonpolynomialfunctionscanbe representedby a serieswhosecoeficientsarederived from the derivative of
thefunction. Taylor’ stheorem formsthe heartof this theory

TAYLOR'S THEOREM: If afunction f(t) hasn — 1 continuousderivativeson the closedinterval [a, b] andthe nth
derivative, f(") (t), exist onthe openinterval (a, b), letz andc betwo distinctpointsin [a, b]. Thenthereexistsa point
& betweernr andc suchthat

%,_/
remainder
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Theimportantconsequencef this theoremis thatif theremaindeitermof (27) tendsto zerofor a particularfunction
in someregion aboute thenthefunctioncanbewritten asa Taylor series

0 £(k) (¢
=3 F o, 28)

valid in thatregion. Thisis saidto be expandedaboute. If ¢ = 0 then(28)is calleda Maclaurin series
Therearethreevery importantfunctionsfor which the remaindeitermtendsto zerofor all z whenc = 0. These
shouldbederivedandrecognizedif notmemorizedbpy the student.The functionsare

oo mk
€)) ezzzﬁ, —oo <z < 00.
k=0

& (_1)kx2k+1

(b) sinz =)

-0 < xr < 0o0.

2 k)
o 1\k,.2k
(C)cosmzz%, —00 < T < 00.

k=0

Practice: Evaluate )
sSiny

z—0 I

withoutusingL'Hospital’srule.

Solution: Usea Maclaurinseriesas

sinz . li (—1)kg2k+1
x (2k +1)!
_1)k$2k
!
< (2k +1)!
0,.0

(29)

8

1

(=]
\/A/—\g

=1,
which agreeswith (22). Here,all but the k = 0 termvanishedn (29).

Readerproblem: Usethe Maclaurinseries’above to shov Euler'sformula,e’? = cosf + j sin 6.

9 Partial fraction expansion

Seetheappendixof Haykin andVan Veenfor a discussiorof partialfractionexpansion.

10 Mathematical induction

Often with seriesit is corvenientto prove or shav the validity of a closedform solution using a techniquecalled
mathematical induction. This procedureis actually a sequencef implications. Thatis, begin by shaving the
validity of propositionP1 thenuseinductionto shav thatpropositionPr impliespropositionP(n + 1). Thatis

Pl=P2=P3=---
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wherethe symbol‘ =" meansmplies. Note thatthe implicationis only in onedirectionandthatit is imperatie to
establisithe validity of propositionP1 in orderto starttheinduction.

The advantageof mathematicainductionis that a guesscanbe madeat the closedform solutionthenshawvn to
betrue. Granted,guessings not an efficient mannerof finding a solution. Nonethelesswe are sometimedeft with
little optionotherthanusinginductionif alternateechniquesretoo cumbersomer arenoneistentasof yet. As an
example,reconsidethe closedform solutionfor thegeometricseries.It wasderived previously usingthetelescoping
technique.To shawv that

§ = 7 30
‘ v 1—=x (30)
is, in fact, correctwithout deducingthe solution,useinductionasfollows.

P1: Letn = 0in whichcase(30) becomes

1— 1
x -1
1-2
whichis theonly termin theserieswhenn = 0.
Pn = P(n+ 1) : Assumethat(30)is true. Then
n+1 1— .Z'"+1

Z .'Ei — + xn—i—l
4 11—z
1=0

1—2ntt g1 —2)
11—z 1—z
1— .Z'”+1 + Z.n+1 _ .,L.n+2

11—z
].—;L'n+2
1—=z

which agreeswith theformulain (30)if n is replacedy n + 1. Hence(30)is, in fact,correct.

11 Logic

In mathematicateasoningve often considemegatingthelogic of a statementPeopleoftendo this naturallywithout
thinking much aboutthe logic of the process.To be precise,saythat statementS1 implies statementS2 hasbeen
shavn to betrue. Thatis

S1 = S52. (31)

If the statementarenegatedandthe directionof implicationis reversedwe have whatis calledthe contrapositive.
Thatis L
S1 < S2.

For example,it is known thatif afunctionis differentiableat a point thenthe functionis alsocontinuousat that
point. Thefollowing logic illustratesthe conceptof contrapositie.

THEOREM: If f(z) is differentiableata then f(z) is continuousata.
Contrapositive If f(z) is notcontinuousata then f (z) is notdifferentiableata.
Recallthat previously thesefactswere statedsomethindik e continuity is a necessargonditionfor differentiability.

Returnto (31) andconsideithefollowing statementsS2 is necessarjor S1; S1 is suficientfor S2. Thesewo claims
expresshe sameidea. Thereadershouldnow verify thatthelogic

Sl <= 52
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translatedo S1 is anecessargandsufficient conditionfor S2.
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