
SomeMath Toolsfor SignalsandSystems
DanSebald,9/4/02

The following mathematicalconceptsare importantto a courseon signalsand systemsas well as engineeringin
general.Thestudentshouldknow theseconceptswell. For rigorousmathematicalproofs,which areomittedandnot
essentialfor a rudimentaryintroductorycourseon signalsandsystems,seeany of severalgoodtextson mathematical
analysissuchasRudin[1].

1 Variable notation

It is goodpracticeto choosenotationfor variablesthat is consistentwith the pseudo-standardthathasdevelopedin
mathematics.Table1 givesconventionsthataregenerallytrue. However, oneshouldalwaysmakeclearwhattypeof
numbers,functionsor otherentitiesthevariableschosenrepresent.

2 Completing the square

Completing the square is an algebraictechniquefor writing a secondorderpolynomialvariableor expressionas
a squaredtermminusthe quantitynecessaryto completethe square. Deriving the quadraticformula is an excellent
exampleof completingthesquare.A quadraticequationis onewhich canbeput in theform���������	�
�������� (1)

where � , � and � arereal constantsand ����� . ThesymbolIR will beusedto representthesetof realnumbers.Here� neednot be a variable,but couldbe a mathematicalexpression.Althoughnot necessary, dividing (1) by � makes
visualizingtheprocedurea bit easier.� � � �� �
� ��  � � � �� �
��� �� ��� ��� � �� ��� � � �� ���
� �� ��� ��� � �� � � � �� �� 
Having completedthesquare,it follows that � �
� �� ��� �  � � � � �!�� � � �
or �
� �� � #"
$ � � � � ���� � � �
or �% � �� � "'& � � � � �!��)( � (  (2)

Giventhat � is a realnumber, theabsolutevalueof (2) is extraneoussincethereis a " beforetheradical.Hence,the
quadraticformulabecomes �% � �*" & � � � � �!�� �  (3)
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Variable Typical symbols Typesetformat Chalkboardformat

Integer + , , , - , . , / , 0 sometimes1 , 2 Lowercase
Realor complex � , � , � , 3 , 4 , 5 , 6 , 7 , 8 Lowercase
Complex 9 Lowercase
Function : , ; , < , 8 , = Lowercase,

sometimesuppercase
Summation > Uppercase,nonbold
Vector u, v, x, y,  ? @ Boldface,lowercase,

roman
Lowercase,underbar
or overbar, i.e.,x

Matrix A, B, C, D, X, Y,  @ ? Boldface,uppercase,
roman

Uppercase

Operatorlimits � , � , � , 3 Lowercase
Parameters A , B , C LowercaseGreek

Table1: Conventionsfor mathematicalnotation.Thesearegeneralrulesthataresometimes
bent.

3 Complexnumbers

Thederivationof thecompletingthesquareexampledid notspecify � , although� , � and � wheretakenasreal. If � is
considereda variableit is worthwhileto considerthepropertiesof a solutionto thequadraticequation.Thequadratic
formulaof (3) yieldscharacteristicallydifferentsolutionsbaseduponthemagnitudeof � � � � �!� insidetheradical.If� � � � �!� is positive thenthereexist two distinctrealrootsof thequadratic.If � � � � �!� is zerothenthereis a repeated
real root. Lastly, if � � � � �!� is negative thereis no realnumbersolutionto thequadratic.Thecomplex numberhas
beendevisedto providea solutionin thelattercase.

A complexnumber is anorderedpair of realnumberswith additionandmultiplicationdefinedas

A: D �E�F�HGI� D �J� 3 GK D �L���J�M�*� 3 G (4)

M: D �E�F�HGON D �J� 3 G� D �!� � � 3 �M� 3 ���H�@G	 (5)

Here D �P�M�HG and D �J� 3 G are orderedpairs. An ordered pair meansthat D �P�M�HGQ� D �R�S��G in general. It is somewhat
cumbersometo work with thenotationof (4) and(5) soit is usuallytheconventionto make thefollowing definitions:�T D ���M�UG	� (Additive identity)V  D V �M�UG	� (Multiplicative identity),  D ��� V G	�
andit thenfollows that , �  � V

and D �P�M�@GWX�L� , � . With this conventionwe havethefamiliar rules

A: D �Y� , �HGZ� D ��� ,U3 GW D �[���@GI� ,PD �*� 3 G
M: D �[� , �@GON D ��� ,�3 GW\�!�W� , � 3 � , �	�W� , � � 3 D �!� � � 3 GZ� ,PD � 3 ���	�?G	 

Thecomplex numbersarecompletein analgebraicsenseassummarizedby thefollowing theorem.

FUNDAMENTAL THEOREM OF ALGEBRA : Countingmultiple roots,every polynomialof degree 0 having complex
coefficientshasexactly 0 rootsin thesetof complex numbers.

Hence,the rootsof (1) alwaysexist in the setof complex numbers.Note that the quadraticformula asderived in
(3) usesrealcoefficientsandonemustbe carefulnot to usethis formula to computerootsfor a complex coefficient
equation.

Therealandimaginarypartsof acomplex number9 X�Y� , � aredefinedas � and � , respectively, anddenotedas

Re]^9)_ \�P� Im ]^9)_ \�R 
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Figure1: Thecomplex planeshowing therealandimaginarypartsof a complex number.
This is oftencalledthe 9 -plane.(a)Cartesianform and(b) polarform representation.

Note that the imaginarypart of a complex numberis � alone,while the quantity , � is calledan imaginarynumber.
Conceptualizinga complex planewheretherealandimaginarypartsplay therole of a vectordimensionis beneficial.
Figure1(a)shows this plane,alsocalledthe 9 -plane.Thecomplex conjugateof acomplex number9 is definedas9  Re]^9)_ � , Im ]R9�_ �� � , �R 

Onething that is lost uponextendingthe real numbersto complex numbersis theorderedproperty. That is, the
statements9edX8 or 9efX8 areno longerproperwhen 9 and 8 arecomplex numbers.Henceit is necessaryto impose
sometypeof orderontocomplex numbers.Since9 9 �� � �g� � is anonnegativerealnumber, avalid definitionfor the
absolutevalueof acomplex numberwould be ( 9 (  Dh9 9 GUij  
If 9 and 8 arecomplex numbersthen

(a) 9 � 8  9 � 8 �
(b) 9k8  9 N 8 �
(c) 9 � 9  � Re]^9)_ � 9 � 9  � , Im ]^9)_ �
(d) 9 9 is realandnonnegative�
(e)

( 9 ( f � acceptif 9 �� then
( � ( X���

(f)
( 9 (  ( 9 ( �

(g)
( 9U8 (  ( 9 (l( 8 ( �

(h)
(
Re]^9)_ (Um�( 9 ( � (

Im ]^9)_ (�mn( 9 ( �
(i)

( 9 � 8 (!m�( 9 ( � ( 8 (  
Thelastpropertyis known asthetriangle inequality.

Polar form: We will call 9 ��L� , � theCartesianform of a complex number. A complex numbercanalternatively
be expressedasa vectorlengthwith an associatedangle,asshown in Fig. 1(b). This is calledthe polar form and
writtenas 9 Xo Dqp@rUs)t � ,Ksvulwxt G (6)

Thefollowing relationshipsfollow from thedefinitions:�yXo pHr�s�t and �x�o sSulwxt �
and oL ( 9 ( and t �z|{ p	} z wZD �?~J��G	 
Recallthat } z wID�t G� } z wID�t � �J� - G where - is an integer. Thus t is not uniquesince z|{ p	} z wZD N G is multivalued. The
usualconventionis to restricttheangleas � � dQt m�� �
whatis calledtheprincipal value.
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4 Sequencesand series

In discrete-timesignalprocessingwe make extensive useof sequencesandseries. A sequenceis a successionof
mathematicalelements,usually real or complex numbers,indexedby a countablevariable,usuallyan integer. For
example,  @ @ ?� 7I��� � 7)� � 7�� � 7 � �? @ ? @� 7�� �@ @ ? 
is an infinite sequenceof realnumbersindexedby theinteger 1 , while9R� � 9^� �@ @ ? @� 9^� �? @ ? H� 9 � �
is a finite sequenceof complex numbersindexedby theinteger 0 . Thetermsof a sequencemaybesummedtogether,
and � -notationis usedto representthisprocessas���|�I� 7E�  7P� � 7��	� � �\N?N@N^� 7 � ��� � 7 � (7)

where � and � arethelimits of thesummationand 0 is theindex. Notethatthevariable0 , appearingon theleft hand
sideof (7) but notontheright, is justadummyvariableandcanbereplacedwith someothersymbolwithoutaffecting
thesignificanceof theright handsideof (7). Thesymbologyof (7) is calleda series.

It is desirableto find closedform solutionsfor serieswhenever possible.A populartechniquefor doing this is a
telescopingseries, in whichaseriesis resolvedinto successive termsor partsthatcancel.Themostcommonexample
of a serieshaving a closedform solutionis thegeometricseriesdefinedas

>  ���|�I� 7 �  (8)

Thetrick for creatingatelescopingseriesis to recognizethatthenext termof theseriescanbecreatedby amathemat-
ical operationon thepresentterm. For examplein thecaseof thegeometricseriesthe Dq0 � V G th termis createdfrom
the 0 th termby simply multiplying by 7 . Hence,

D V � 7 G >  D V � 7 G ���|�I� 7 � ���k�I� 7 � D V � 7 G ���k�I� 7 � � 7 �|� ��� 7 � � 7 �	� �@� ��� 7 �	� � � 7 �	� � � �XN?N@NJ��� 7 � ��� � 7 � � ��� 7 � � 7 � � �@� 7 � � 7 �	� � � 7 �	� � � 7 �	� � ��N@N?NR� 7 � ��� � 7 � � 7 � � 7 � � � (9) 7 � � 7 � � �  (10)

Theterm‘telescoping’derivesfrom (9) wheresuccessivegroupsof termscancelasif linkedlikeatelescope.Dividing
thepreviousresultby D V � 7 G resultsin thegeometricseriesformula���|�I� 7 �  7 � � 7 � � �V � 7 (11)

provide 7 �X� and 7 � V
. Thetelescopingseriesconceptis not limited to geometricseries.

Infiniteseriesareacommonoccurrencein signalsandsystems.In this caseit is necessaryto considertheconver-
genceof sucha series.For example,theinfinite geometricserieswould take theform���|� � 7 �  VV � 7 (12)
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if theseriesconverges, which is underconditionsof
( 7 ( d V

. Otherwisetheseriesdiverges. To seethat (12) is true,
put �yX� andnote � ul��k� �� ��� � � 7 � \�
in (11).

Practice: To geta feel for seriesmanipulationsconsidershowing that���k�I� 7 �  7 �V � 7 (13)

withoutusinga telescopingseriesor thegeneralizedgeometricseriesformula. Insteaduse(12).

Solution: Recall that the index of summationis a dummyvariableso that it may be replacedwith /  0 � � (or0  / ��� ) as ���|�I� 7 �  ��� � � 7 � �I� ��� � � 7 � 7 � 7 � ��� � � 7 � 7 � � VV � 7 � 7 �V � 7  
5 Differ entiation

Calculuscentersmainly on two concepts,differentiationandintegration,andtherelationshipbetweenthem.Several
goodbooks,suchasLarsonandHostetler[2] andBoyce andDiPrima [3], cover theseconceptsandthe mechanics
of theoperationsfor a wealthof mathematicalfunctions.Thecoreideasarepresentedhereto refreshthememoryof
studentswho havetakena seriesof calculuscourses.

5.1 The derivative

It is oftendesirableto considertherateof changeof a functionor theslopeof a curve. Considera realfunction : of a
realvariable(i.e., :�� IR   IR) which is definedon theinterval ¡ �P�M�M¢ . Thenfor any realnumbers7 and 5 in theinterval¡ �E�F�M¢ where7 � 5 thederivativeof a functionis definedasa limit as 5 tendsto 7 of thedifferencequotient, i.e.,

:�£¤D�7 G� � u¥�¦ � � :ODq5 G � :ODq7 G5 � 7 (14)

providedthe limit exists. A limit processis a rigorousconceptbeyondthescopeof this document.However, in the
caseof thereal line onecanthink of thelimit requiringthefunctionto approachthesamequantityfrom thepositive
andnegativesidesof thepoint 7 . If : and ; arefunctionsdifferentiableat 7 then

(a) Dh: � ; G £ D�7 G� : £ D�7 GI� ; £ D�7 G	 (Additivity)

(b) DqAO: G £ D�7 G§ AO: £ Dq7 GH� A  constant (Homogeneity)

(c) Dh:E; G £ D�7 GK : £ D�7 G ;�Dq7 G�� :ODq7 G ; £ D�7 G	 (Productrule)

(d) � : ; � £ Dq7 GK ;�Dq7 G : £ Dq7 G � ; £ Dq7 G :ODq7 G; � D�7 G � ;�Dq7 G[�\�� (Quotientrule)
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Figure2: Two functionsthatarenot differentiableat � . The functionof (a) hasdifferent
slopesoneithersideof the � . Thefunctionof (b), althoughhaving thesameslopeoneither
sideof � , is discontinuousat � , precludingit from beingdifferentiablethere.

Considersomeexamplesof functionsthat fail to be differentiableat 7  7 � . Let the function : � � IR   IR be
definedas : � Dq7 G�® 7 � 7 m 7 �� 7E� � 7 � 7�fQ7)�  (15)

The above form is calledcaserepresentationfor the function. The left columnis the function’s valueandthe right
column is the region or interval over which this value holds true. It is good practiceto cover the whole domain
of the function in the right columnwithout including pointsof the domainmorethanonce. In the above example,]?7 m 7 � _�¯�]?7gf�7 � _  IR andonly oneof thecasesincludesthepoint 7 � . Consistency in theright columnis also
a goodidea. In the above example 7 is alwayson the left of the inequalitysymbolfor readability. In any case,the
function : � D�7 G , shown in Fig. 2(a), is not differentiableat 7 � becausethe slopeof the function is differenton either
sideof 7 � .

Now considerthefunction : � � IR   IR definedas

: � Dq7 G�  V � 7 m 7)��� � 7�fQ7)�  (16)

Heretheslopeof : � D�7 G , shown in Fig. 2(b) is thesameon eithersideof 7E� but thediscontinuityat 7)� precludesthe
functionfrom beingdifferentiablethere.Consider

: £� Dq7 � G�° � u¥�¦ � �?±¦ �P� ± :ODq5 G
� :OD�7 � G5 � 7)�  � u¥�¦ � �?±¦ �P� ± V

� V5 � 7)� ����:�£� Dq7)� G�° � u¥�¦ � �?±¦³² � ± :ODq5 G
� :OD�7 � G5 � 7 �  � u¥�¦ � �?±¦³² � ± �

� V5 � 7 �  ��´  (17)

Hence,no valid limit exists for the differencequotient. Oneshouldnot think of the symbol
��´

in (17) asbeinga
number. Insteadthis simply representstheconceptof unboundednessof thelimit process.

THEOREM: If :OD�7 G is differentiableat 7 � then :OD�7 G is continuousat 7 � .
Proof: We mustshow that

� ul� ¦ � � ± :ODq5 GW :ODq7)� G :� ul�¦ � �^± :OD�5 GW � ul�¦ � �^± :OD�5 G � :OD�7E� G�� :ODq7)� G :OD�7 � GI� � ul�¦ � � ± :OD�5 G � :ODq7 � G5 � 7E� N D�5 � 7 � G :OD�7E� GI� :�£¤D�7)� GON@� :OD�7E� GH µ
This theoremassertsthat continuityof : at 7 is a necessaryconditionfor the existenceof the derivative. However,
continuityis nota sufficientcondition.(SeeSection11 onLogic.)
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Notation: Thereare threecommonconventionsfor writing the derivative of the function 8  :OD�7 G , Boyce and
DiPrima[3]: 8 £ � : £ D�7 G (Primeor Lagrangenotation)¶ 8 � ¶ :OD�7 G (Operatornotation)3U83k7 � 3·:3k7 D�7 G (Leibniznotation) (18)

alongwith acombinedfourth notation33k7 8 � 33U7 :ODq7 G (Leibniz/operatornotation)

It is extremelyimportantto realizethattheseall representthesamemathematicalelement,thederivativeof thefunction:OD�7 G .
5.2 The differential

TheLeibniz notationof (18) is themostintuitive of theacceptedconventionsbecauseit appearsto be in theform of
a quotient,thusproviding a memoryaid for thedifferencequotientfor theformal definitionof differentiation.On the
otherhand,this canalsoleadto confusionbecause3U8 ~ 3U7 is, in fact,not aratioatall. Studentsoftencometo think of
thequantities3U8 and 3U7 as‘infinitesimals’whichvanishin suchawaythattheratioof thetwo becomesthederivative.
However, CourantandJohn[4] suggestedthat imagining 3U8 and 3k7 to be ‘infinitesimally small’ is mathematically
meaninglessservingonly to obscureanotherwisemathematicallysounddefinitionof differentiation.Nonetheless,the
notation 3U8  :�£hDq7 G 3U7 (19)

is usedfor convenience.(We cangetby without it.) Here 3U8 is calleda differ ential. Theway to think of thisnotation
is to imagineat the point 7 a small increment3k7 is madeandthe changein the function is linearly approximated
usingtheslope : £ Dq7 G . Note that (19) indicatesthat thedifferentialis dependentbothon 7 (via : £ Dq7 G ) and 3k7 . If the
Lagrangenotationof (19) is replacedby theLeibniz notation,i.e.,3k8  3k83U7 3U7
it becomesevidentthat 3U8 and 3U7 standingaloneis not thesameasthelettersin theratio 3k8 ~ 3k7 . Theleastconfusing
way to use3U8 aloneis just asit is definedin (19)andassignnoothermeaningto it.

5.3 L’Hospital’ s rule

Often the limit of anexpressionconsistingof theratio of two differentiablefunctionswhich is indeterminatecanbe
found usingL’Hospital’ s rule. It is imperative that the conditionsunderwhich L’Hospital’s rule canbe appliedbe
understoodto avoid themistakeof improperlyusingthispowerful concept.

L’Hospital’ s Rule: Given functions : and ; differentiableon the opensegment D �P�M�@G and ; is never zero in this
segment,if either � u¥�� �¸�H¹ :OD�7 G�\� and

� u¥�� �¸�H¹ ;�D�7 GK��)� (20)

or � ul�� �T� ¹ :OD�7 G�\" ´ and
� u¥�� �¸� ¹ ;�D�7 GK#" ´ � (21)

whereall combinationsof plusandminusis allowedin (21), thenif� ul�� �¸� ¹ : £ Dq7 G; £ Dq7 G �º
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exists,it follows that � u¥�� �¸� ¹ :ODq7 G;�D�7 G �º� 
Theformulaalsoholdsfor 7 approaching� from theleft, i.e., 7%  � � .

Example: Considertheindeterminatelimit � ul�� � � sSulwx77 �
andassign:OD�7 G� sSu¥wx7 and ;�D�7 G� 7 . Then(20) holdsandby L’Hospital’s rule� ul�� � � sSulwx77  � ul�� � � p@rUs�7V V  (22)

6 Integration

Therearea varietyof waysto defineanintegral. However, themostcommondefinitionusedin engineeringapplica-
tionsis theRiemannintegral. It is themoststraightforwardof theintegralsandcorrespondswell to applicationssuch
ascalculatingarea,volume,torque,stress,andsoforth. Therearesomedrawbacksto theRiemannintegral. (Themost
apparentto uswill betheuseof a not solegitimateimpulsefunctionto createasifting property.)

6.1 The Riemann integral

Thenotionof integrationis oneusuallytaughtin relationto findingtheareaunderacurveby breakingup,or partition-
ing, theinterval of integrationinto smallerandsmallersubintervalsthattendtowardzero.More formally, a partition
of interval ¡ �E�F�M¢ is a finite setof pointsfor which �� 7)�»dn7��yd N?N@N d¼7 � ½� . The lengthof eachsubinterval is
definedas ¾ 7E¿  7E¿ � 7P¿��Z� � +  V � � �@ ? @ H� 0  
Thispartitioningconceptis denoted ¾  ]^7 � � 7 � �@N?N@NZ� 7E� � _
anddefinethenorm of thepartitionas(l( ¾ (l(  � z|À ¾ 7 ¿ � +  V � � �@ @ ? 	� 0  
Let 7�Á¿ beanintermediatevaluein subinterval + .
Definition: If : is a boundedfunctionon theinterval [a,b] thenÂ �� :OD�7 G 3k7  � ul��Ã� Äx�Ã� � � �� ¿ � � :OD�7 Á¿ G ¾ 7 ¿ � (23)

providedthelimit exist is theReimann integral of : from � to � .
Again, theproperlimit mustexist, in whichcase: is calledintegrableon [a,b]. Otherwise,: is not integrablethere.

6.2 Fundamental theorem of calculus

Although the definition of (23) canbe usedto find closedform solutionsto simpleintegral equations,evaluationof
theintegral is generallydoneusinganantiderivative. A function =ÅD�7 G is saidto beanantiderivativeof thefunction:OD�7 G if = £ Dq7 G� :OD�7 G . The fundamentaltheoremof calculusrelatesintegrationanddifferentiation.

FUNDAMENTAL THEOREM OF CALCULUS: Giventhefunction : which is boundedon theclosedinterval ¡ �P�M�F¢ and
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continuouson theopeninterval D �P�M�@G , if = is a continuousfunctionon ¡ �P�M�M¢ suchthat = is theantiderivativeof : on
thesegment D �P�M�HG then Â �� :ODq7 G 3U7  =ÅD �HG � =ÅD ��G° =ÅD�7 G ( ��  
This theorembecomessonaturalto thestudentthat it is oftenoverlookedandtheresulttreatedasthoughit werethe
definitionfor anintegral,which it is not. It is importantto rememberthenecessaryhypothesesto avoid applyingthe
theoremimproperly. For example,considerthefollowing question.

Question: Are thefunctionsof Fig. 2 integrableon theinterval ¡ �P�M�F¢ ?
Answer: Yes, they are integrableon the interval [a,b] becausethe limit of (23) exists. However, the fundamental
theoremof calculusdoesnot apply in eithercase.Neitherof the functionsin Fig. 2 have an antiderivative which is
continuousat 7 � . Furthermore,thefunctionof Fig. 2(b) is discontinuousat 7 � which,again,precludestheapplication
of the fundamentaltheoremof calculus. Hence,it is necessaryto apply the fundamentaltheoremof calculusin a
piecewisefashionas Â �� :ODq7 G 3U7  Â �^±� :OD�7 G 3U7 � Â �� ± :ODq7 G 3U7 = ��^±�ÆÆ �?±� � = ��?±)ÆÆ �� ± �
where = ��^± and = ��^± aretheappropriateantiderivativeson thenegativeandpositivesideof 7)� , respectively.

6.3 Integration by parts

Oneof the morepowerful techniquesfor evaluatingintegralsis by parts. This techniqueis basedsimply uponthe
productrule of differentiation.RecalltheproductruleD �PÇ!G £hDq7 G��� Dq7 GÈÇ £³D�7 G���Ç Dq7 GÈ� £³D�7 G	�
or subtractingÇ D�7 GÈ� £ Dq7 G from bothsides� D�7 GÈÇ £³Dq7 G� D �PÇ!G £³D�7 G � Ç D�7 G·� £¤Dq7 GH 
Now integrateto get Â �� � D�7 GÈÇ £³Dq7 G 3U7  D �PÇ!G D�7 G ( �� � Â �� Ç D�7 GÈ� £³Dq7 G 3U7  (24)

If wemakeuseof thedifferentialnotationof (19), it is easyto rememberintegrationby partsfor theindefiniteintegral.
Equation(24)becomes Â � 3 Ç
��EÇ � Â Ç 3 �� 
Remembertheproductruledifferentialform, 3PD �PÇ�G�É� 3 Ç[��Ç 3 � , andtheformulashouldeasilycometo mind.

Example: Considerevaluating Â �� 7PÊ � 3k7  
Since3PDqÊ � GM~ 3U7  Ê � it is wiseto choseÊ � asthedifferentialportionof thepartsformula.ThatisÂ �� 7ËRÌ	Í^ÎÏ Ê � 3k7Ë Ì	Í ÎÐFÑ  7PÊ �Ë^ÌHÍ^ÎÏ Ñ ÆÆÆÆÆÆ

�
�
� Â �� Ê �Ë^ÌHÍ^ÎÑ 3k7Ë^ÌHÍ^ÎÐ Ï D�7PÊ � � Ê � G ( ��  

9/4/02 9 of 13



cosÒ  θ
Re{      }

Im{      }

1

θ

sinÓ  θ
e

j
Ô

θ
Unit circle

-j

j
Õ

1-1

eÖ j
Ô

θ

eÖ j
Ô

θ

Figure3: Theunit complex exponentialÊH×MØ in the 9 -plane. It canbe thoughtof asa unit
vectorat aCartesiananglet , lying on whatis termedtheunit circle.

7 Complexexponential

In the integrationby partsexamplewe madeuseof the propertyof the real exponentialthat 3PDqÊ � GM~ 3U7  Ê � where7 is a realnumber. It is naturalto extendthis sameideasuchthat 3PDqÊRÙ GM~ 3�9  Ê^Ù is true,where 9 is now a complex
number. If 9 \�[� , � , thensimilar to therealexponentialwewould likeÊ Ù  Ê �	� × �  Ê � Ê × � �
where Ê � is the conventionalreal exponential. Dif ferentiatingthe above expressionwith respectto 9 is beyond the
scopeof thispaper. Sufficeit to say, whatis neededto completethedefinitionof thecomplex exponentialis afunction
for which 3PDqÊ@× � G3 �  ,KÊ × �  (25)

Theequationwhichdoesthis is thepowerful Euler’ s formulaÊ ×MØ  pHr�s�t � ,Ksvulwxt  (26)

Thereadershouldverify that this, in fact,doessatisfy(25). Figure3 shows therelationshipof Euler’s formulaasa
vectorin thecomplex plane.Notethatthevectoris of unit length.

With theaidof Euler’s formulaappliedto (6), a third possiblerepresentationfor a complex numberis9 �o Ê ×MØ �
whereo and t aredefinedasfor thepolarrepresentation.Notethat 9 Éo Ê � ×MØ .
8 Taylor’ s theorem and series

Many nonpolynomialfunctionscanbe representedby a serieswhosecoefficientsarederived from the derivative of
thefunction.Taylor’ s theorem formstheheartof this theory.

TAYLOR’ S THEOREM : If a function :OD�5 G has 0 � V
continuousderivativeson the closedinterval ¡ �P�M�M¢ andthe 0 th

derivative, :�Ú �|Û (t), exist on theopeninterval D �P�M�HG , let 7 and � betwo distinctpointsin ¡ �P�M�M¢ . ThenthereexistsapointÜ
between7 and � suchthat :OD�7 G� � ����Ý � � :�Ú Ý Û D �?G-�Þ D�7 � �@G Ý � :�Ú �|Û D Ü G0*Þ D�7 � �@G �Ë Ì	Í Î

remainder

 (27)
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Theimportantconsequenceof this theoremis thatif theremaindertermof (27) tendsto zerofor a particularfunction
in someregionabout � thenthefunctioncanbewrittenasa Taylor series

:OD�7 GW ��Ý � � :�Ú Ý Û D �@G-�Þ D�7 � �@G Ý � (28)

valid in thatregion. This is saidto beexpandedabout� . If �x�� then(28) is calleda Maclaurin series.
Therearethreevery importantfunctionsfor which theremaindertermtendsto zerofor all 7 when �[�� . These

shouldbederivedandrecognized,if notmemorized,by thestudent.Thefunctionsare

(a) Ê �  ��Ý � � 7 Ý-�Þ � ��´ dQ7ßd ´  
(b) svulw�7  ��Ý � � D

� V G Ý 7 � Ý � �D � - � V G Þ � ��´ d�7�d ´  
(c) pHrUs�7  ��Ý � � D

� V G Ý 7 � ÝD � - G Þ � ��´ d�7�d ´  
Practice: Evaluate � ul�� � � svulwx77
withoutusingL’Hospital’s rule.

Solution:Usea Maclaurinseriesas � ul�� � � sSulw§77  � u¥�� � � V7 ��Ý � � D
� V G Ý 7 � Ý � �D � - � V G Þ � u¥�� � � ��Ý � � D

� V G Ý 7 � ÝD � - � V G Þ (29)

 � u¥�� � � D � V G � 7 �V Þ � u¥�� � � V V �
which agreeswith (22). Here,all but the - X� termvanishedin (29).

Readerproblem: UsetheMaclaurinseries’aboveto show Euler’s formula, ÊH×MØ  p@rUs�t � ,WsSu¥wxt .
9 Partial fraction expansion

Seetheappendixof HaykinandVanVeenfor adiscussionof partialfractionexpansion.

10 Mathematical induction

Often with seriesit is convenientto prove or show the validity of a closedform solutionusinga techniquecalled
mathematical induction. This procedureis actually a sequenceof implications. That is, begin by showing the
validity of propositionà V thenuseinductionto show thatpropositionàY0 impliespropositionàÅDq0 � V G . Thatisà V�á à �Lá àLâ á N@N?N
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wherethe symbol‘
á

’ meansimplies. Note that the implication is only in onedirectionandthat it is imperative to
establishthevalidity of propositionà V in orderto starttheinduction.

Theadvantageof mathematicalinductionis thata guesscanbemadeat the closedform solutionthenshown to
be true. Granted,guessingis not anefficient mannerof finding a solution. Nonetheless,we aresometimesleft with
little optionotherthanusinginductionif alternatetechniquesaretoo cumbersomeor arenonexistentasof yet. As an
example,reconsidertheclosedform solutionfor thegeometricseries.It wasderivedpreviouslyusingthetelescoping
technique.To show that �� ¿ � � 7 ¿  V � 7 �|� �V � 7 (30)

is, in fact,correctwithoutdeducingthesolution,useinductionasfollows.à V � Let 0 X� in whichcase(30)becomes V � 7 �V � 7  V 7 �
which is theonly termin theserieswhen 0 �� .àY0 á àÅD�0 � V G � Assumethat(30) is true.Then�|� �� ¿ � � 7 ¿  V � 7 �|� �V � 7 � 7 �k� �

 V � 7 �|� �V � 7 � 7 �k� � D V � 7 GV � 7 V � 7 �|� � � 7 �|� � � 7 �|� �V � 7 V � 7 �|� �V � 7  
which agreeswith theformulain (30) if 0 is replacedby 0 � V . Hence,(30) is, in fact,correct.

11 Logic

In mathematicalreasoningwe oftenconsidernegatingthelogic of a statement.Peopleoftendo this naturallywithout
thinking muchaboutthe logic of the process.To be precise,saythat statement> V implies statement> � hasbeen
shown to betrue.Thatis > V�á > �  (31)

If the statementsarenegatedandthedirectionof implication is reversedwe have what is calledthecontrapositive.
Thatis > V�ã > �  

For example,it is known that if a function is differentiableat a point thenthe function is alsocontinuousat that
point. Thefollowing logic illustratestheconceptof contrapositive.

THEOREM: If :OD�7 G is differentiableat � then :OD�7 G is continuousat � .
Contrapositive: If :ODq7 G is not continuousat � then :ODq7 G is not differentiableat � .
Recallthatpreviously thesefactswerestatedsomethinglike continuity is a necessaryconditionfor differentiability.
Returnto (31)andconsiderthefollowingstatements:> � is necessaryfor > V ; > V is sufficientfor > � . Thesetwo claims
expressthesameidea.Thereadershouldnow verify thatthelogic> Väãyá > �
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translatesto > V is anecessaryandsufficient conditionfor > � .
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